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Ice templating of colloidal suspension is gaining interest in ma-
terial science because it offers the possibility to shape advanced
materials, in particular porous ceramics. Recent investigations
on this process show that a correlation between the morphology
of the frozen suspension and the velocity of the freezing front do
exist. The dynamics of the freezing front of a colloidal suspen-
sion of alumina is investigated in this study by experimental
tests, finite element analysis, and analytical calculations. The
experimental tests are carried out by in situ X-ray radiography
(dynamics of the freezing front) and tomography (morphology
of the frozen suspension). The finite element model is a contin-
uous properties model; it is used for investigating the dynamics
and the shape of the freezing front. The analytical model is
based on the two-phase Stefan problem. We propose a solution
for the dynamics of the solidification front based on the calcu-
lation of the diffusivity as a function of the particle fraction and
local temperature.

Nomenclature

Cp specific heat capacity of the suspension
D diffusivity coefficient
D0 Einstein–Stokes diffusivity
h(t) solidification front position
Le Lewis number
Lf Latent heat of fusion of medium (water)
kB constant of Boltzmann
kT thermal conductivity of the suspension
R radius of the alumina particle
St Stefan number
T local temperature
Tb temperature at the base of the mold
Tf(f) freezing temperature
Tm melting temperature of the medium (water)
vp volume of the alumina particle
z(f) dimensionless compressibility factor
a thermal diffusivity of the suspension
Z similarity variable of the Stefan problem
y dimensionless temperature
yb dimensionless temp. (base of the mold)
yf freezing dimensionless temperature
ym melting dimensionless temperature (water)

l(t) similarity variable at the interface
m viscosity of the medium (water)
r density of the suspension
P(F) osmotic pressure of the suspension
f particle fraction
fp packing particle fraction
fvol nominal volumetric particle fraction

I. Introduction

SINCE 1954, ice templating, also known as freeze casting, is an
environmental friendly and cost-effective shaping process for

advanced ceramic materials1 with interconnecting pore channels
or pore gradients in ceramic bodies.2 Recent publications3,4

show the wide range of application of ice templating. For in-
troducing the pore structures in bulk ceramic bodies, suspen-
sions with a low solid content are first frozen to obtain vehicle
ice crystals that are often connected in dendritic shapes, sur-
rounded by the frozen concentrated ceramic suspension.2 After
drying (removal of the ice by sublimation), porous channels re-
main, replicating the shape of the interconnected ice crystals.
Ongoing research shows that the shape of the frozen structures
and the porosity is particularly dependent on the speed of the
freezing front.5

Sintered bodies of Al2O3 with aligned channels fabricated by
unidirectional ice templating of aqueous ceramic slurries were
reported.6–8 These studies investigate the microstructure of the
interconnected crystals of alumina, in relation to the velocity of
the freezing front. The microstructure corresponding to the ini-
tial instants of solidification has been described in terms of crys-
tal shape (R-crystals for the random structures, Z-crystals for
the lamellar structures).9 These investigations were carried out
by high-resolution in situ X-ray radiography and tomography.
The purpose of the present work is to investigate the kinetics of
the freezing front of colloidal suspensions of alumina by X-ray
radiography and tomography. The experimental observations
are compared with the results obtained with a thermal finite el-
ement model (FEM) of the system (mold and colloidal suspen-
sion) and to the solution of the system of ordinary differential
equations (ODE) (two-phase Stefan problem).

II. Materials and Methods

(1) Experimental Setup

The experimental part of this study focuses on the use of two
nondestructive imaging techniques, the high-resolution X-ray
absorption radiography and tomography. The use of tomogra-
phy in materials science is relatively new.10 The reconstructed
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three-dimensional map from X-ray tomography gives an indi-
rect image of the microstructure. X-ray tomography was per-
formed in the present study at a voxel size of (3.62 mm).3 A set of
900 projections was taken within 1801. The complete technical
description of the tomograph used can be found in Buffiere
et al.11 To summarize, this tomograph is equipped with a tung-
sten transmission target to produce a small size X-ray source,
operated at 116 kV and 50 mA without filtering in the present
study. The detector is an amorphous silicon flat panel made of
1900� 1500 square pixels of 127 mm in lateral size.

Slurries were prepared by mixing distilled water with a small
amount (0.2 wt% of the suspension) of ammonium polymeth-
acrylate anionic dispersant (Darvan C, R. T. Vanderbilt Co.,
Norwalk, CT) and 32 vol% of alumina powder (Ceralox SPA
0.5, Sasol, Tucson, AZ, D50 5 0.3 mm, SSA 8 m2/g).

Freezing experiments were performed by pouring the suspen-
sions into a polypropylene cylindrical mold, invisible to X-rays,
placed at the tip of a copper cold finger inside a cryogenic cell
(see Fig. 1, right hand side for a scheme of the setup). The cop-
per finger is cooled at its bottom using liquid nitrogen. This
finger is 6 cm long so that the sample can be placed close to the
X-ray tube for the high-resolution tomography. The conduction
along the copper rod induces a decrease of the temperature at
the bottom of the colloidal suspension. The cryogenic cell is
composed of a double-wall PMMA envelope that prevents con-
densation or frost to accumulate and perturb the X-ray mea-
surement. The atmosphere of the chamber is not refrigerated so
that the suspension is forced to freeze from the bottom. Freezing
kinetics is controlled by a resistance heater placed at the bottom
of the copper rod using the information of the temperature
measured by a thermocouple at the tip of the copper rod, close
to the point where the solution touches the copper. The left side
of Fig. 1 shows a close up of the sample, and the arrows indicate
the heat flux and the temperature at the base of the sample.

These boundary conditions are used in the FEM. The experi-
mental setup was equipped with a PID controller for setting
different temperature profiles to the mold. The PID controller
was connected to a PC for recording the temperature profile
during the solidification process. Five different temperature pro-
files were used: constant, linear, and three parabolic profiles.
Radiographies were acquired in order to record the evolution of
the freezing front. The acquisition frequency in the radiography
was 1.4 Hz; therefore, the time span between two images was
0.71 s. The spatial resolution of radiography was chosen to be 11
mm. At this resolution, the entire polypropylene mold (16 mm of
height, 3 mm of internal diameter) was visible on the CCD
screen. The microstructure obtained by freezing the colloidal
suspension was investigated by tomography. In order to keep
the full width of the sample inside the field of view of the de-
tector, a resolution of 3.62 mm was used.

(2) FEM

Incremental thermomechanical finite element simulations with
two-dimensional axial symmetrical geometry simulated the ki-
nematics of the freezing front. Figure 1 (left hand side) shows a
sketch of the FEM. The equations numerically solved are the
conduction (Fourier’s law) and the convection equations. A
thermal conductivity was defined for each component of the
system and h5 20 W � (m2 �K)�1 was used to represent the heat
transfer coefficient to air. In order to simulate the thermal be-
havior of the suspension, a continuous properties model was
considered. Because the region of the continuous phase transi-
tion is small in the temperature/enthalpy density diagram, the
model is a good approximation of the dynamics of substances
with discontinuous phase transitions.12 Because the experimental
tests show a relatively small zone of coexistence of the liquid and
solid phases (and a well-defined ice front), this approximation

Fig. 1. Right: sketch of the freezing device. A flux of cold nitrogen is pumped at constant rate on a ring in contact with a copper finger, in contact with
the colloidal suspension. A heating element controlled by a PID controller is used for regulating the temperature at the base of the suspension. A double
shield provides thermal isolation from the ambient. Left: the geometry (cylindrical symmetry) and boundary conditions of the finite element model. The
natural convection was applied to the upper boundary of the suspension and on the polypropylene mold.
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is suitable for describing the overall thermodynamic behavior.
In general, the thermal properties depend on local particle con-
centration. The results from X-ray tomography (Fig. 3) show
the relative fraction of the concentrated particle zone (black
zones), in comparison with the pure ice (white zones). The par-
ticle concentration is limited between the nominal volumetric
concentration (fvol5 0.32) and the maximum concentration
(fp5 0.58 is the breakthrough concentration), and between
these limits the variation of the suspension properties due
to the particle-rich phase fraction is relatively small. According
to Peppin et al.,13 the diffusivity and the freezing temperature
depend on the particle fraction, as shown in Section II(3). By
considering a mean value of the suspension properties as a
function of the local particle concentration, it is possible to
apply the continuous properties FEM. The material
properties used in the modeling, i.e., the thermal con-
ductivity kT ðW � ðm �KÞ�1Þ, the specific heat capacity
Cp ðJ � ðkg �KÞ�1Þ, and the density r kg=m3

� �
, are shown in

Table I. The properties of the suspension were calculated
according to the equations presented in Section II(3) and Ap-
pendix A, and the thermal conductivity was estimated by the
model of Jeffrey.14 The main limitation of the continuous prop-
erty model consists in the inability of reproducing fluctuations
effects. The continuous property model does not account the
rapid dendritic freezing occurring in the system; only planar and
parabolic freezing front are predicted. Also the Stefan model
described in the next paragraph applies to slow planar freezing
and not to the rapid dendritic freezing. Such effect can be in-
cluded by particle-based simulation methods as shown by Barr
and Luijten.15

(3) Analytical Modeling

The Stefan problem16 is a two-phase moving boundary problem
that allows the calculation of the temperature field and the po-
sition of the interface between two phases in a melting or freez-
ing process. The purpose of the model is to calculate the
dynamics of the freezing front depending on the temperature
profiles imposed at the base of the suspension. The temperature
profiles are polynomials of the sixth order and reproduce the
profiles used in the experimental tests. The physical assumptions
for the application of the Stefan problem are conduction only,
constant latent heat of fusion Lf, fixed melting temperature Tm,
the interface between the two phases has no thickness, surface
tension and ice nucleation are not considered (uniform freezing
only).

The Stefan problem requires the estimation of the numbers of
Stefan (St) and Lewis (Le) by using the dimensionless compress-
ibility factor z as a function of particle fraction, which accounts
for particle–particle interactions. The literature shows several
attempts of estimating z(f).17–21 An approximation proposed
by Peppin et al.13 is valid over the entire concentration range,
merges the results obtained by Woodcock21 for concentration
up to packing concentration, and the results by Carnahan and
Starling22 for low concentration (Fig. 2, upper side). The freez-
ing temperature is also obtained as a function of the particle
fraction (Fig. 2, lower side). The properties of the solution, such
as the heat capacity and the density, depend on the particle
fraction, as shown by Fig. 3 (upper side). The estimated St and
Le numbers are plotted in Fig. 3 (lower side) as a function of the
particle fraction, and the diffusivity coefficient D is plotted in
Fig. 4 as a function of the temperature of the suspension and the
particle fraction. The number of Lewis indicates the influence of

the Brownian diffusion on the motion of particles. At relatively
small particle radius (0.5–1 mm), a Lewis number Le5 230–250
is expected.23,24 At this value, the velocity of the freezing front is
small, compared with the particles velocity due to Brownian
diffusion, high for small particles. Peppin observed that at small
Lewis number, the concentration and the temperature profiles
resemble those observed during alloy solidification, while for
high Lewis number the weak or absent Brownian diffusion al-
lows the formation of a porous medium ahead of the freezing
front and the possibility of a morphological instability. In cer-
tain cases, the interface can become unstable owing to super-
cooling and particle engulfment at high front velocity.25 If such
instability is present during the solidification of a colloidal sus-
pension, a variation in the freezing front velocity qh

qt and a vari-
ation in the quantity fl are induced, with a consequent
acceleration (or deceleration) of the front and a discontinuity
in the particle fraction.

III. Results and Discussion

The results of experimental tests consist in morphological
observation and quantitative information on the dynamics of
the solidification process. The morphology was experimentally
investigated by X-ray tomography, and the results about

Table I. Thermal Properties (FEM and Analytical Modeling)

L-phase S-phase Copper Polypropylene

kT (W � (m �K)�1) 0.6 0.9187 403 0.12
Cp (J � (kg �K)�1 2434 1457 385 1925
r (kg/m3) 2426 2218 8930 950

Fig. 2. The dimensionless compressibility factor z (upper side), the
freezing temperature Tf expressed in K (lower side) as a function on
the particle fraction F.
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dynamics, obtained by radiography, was compared with the re-
sults obtained by FEM and to the solution of the Stefan prob-
lem obtained by numerical solved ODE.

(1) Morphology

Four zones can be morphologically distinguished in the frozen
suspension.9 Figure 5 shows a sample of the frozen suspension
and the four zone qualitatively identified by the morphology of
the crystals (on the left) and the corresponding slices obtained by
X-ray tomography (black and white, on the right). In these
images, the white part represents the ice, and the black part
represents the alumina particle-rich regions. Morphologically
speaking, the crystals can be classified into ‘‘R-crystals’’ (ran-
dom symmetry, rejecting the alumina particles in z-direction)
and ‘‘Z-crystals’’ (vertically aligned with the axis of the mold,
rejecting the particles in the x- and y-directions). The goal of a
directional ice templating technique is to obtain a structure
mainly composed of Z-crystals. According to the qualitative
observation,9 only the last zone of the sample (D) is purely
composed of Z-crystals. Table II shows the morphological zone
in the frozen alumina suspensions.

In the zone between 0 and 3 mm of distance from the base of
the mold, the resolution of the tomography was not able to show
the crystals and particles distribution, therefore the microstruc-
ture is unknown. However, the freezing front is detectable and
the measured interface velocity is particularly high (approxi-
mately 0.5–1 mm/s).

The Zone A starts as the resolution of the tomograph (voxel
size: 3.623 mm3) allows to obtain quantitative information on the
size of the crystals. This zone is characterized by a rapid growth
of the R-crystals. The velocity of the freezing front is diminish-
ing to approximately 0.15 mm/s.

The Zone B corresponds to the transition between the zone
A, populated by R-crystals only, and the region that shows both
R-crystals and Z-crystals (zone C).

In the zone C, the entrapped particles reach a local maximum
corresponding to the packing fraction at this particular interface
velocity. The thickness of this zone is strongly dependent on the
temperature gradient and the cooling temperature profile. If
the temperature gradient is not present (constant temperature),
the zone C extends until the end of the solidification process.

The zone D represents a steady-state condition because it is
composed mainly of Z-crystals that extend vertically until the
end of the solidification process. Particles redistribution is oc-
curring in the xy plane. The particle fraction is reducing almost
linearly. The zone D presents thin vertical ice structures, sepa-
rated by alumina-packed particles, interconnected by thin hor-
izontal alumina structures. Morphologically speaking, it is the
only stable zone in the ice templating technique.

Figure 6 shows the frozen samples obtained by using five
different cooling profiles. The diagram shows the repartition of
the morphological zone for each sample. The exact position of
the zone B was identified by the measurement of the particle
fraction, rather than using the visual analysis. The darkening
corresponds to a rapid increase of the particle-rich phase frac-
tion, followed by a morphological mutation of the crystals: the
R-crystals stop growing and they are progressively replaced by
Z-crystals. The positions and the extensions of the zone B are
easily identified by the curves of the particle fraction as a func-
tion of distance from the copper cold surface (the zone com-
prised between the local minimum and maximum of the particle
fraction), shown in the second diagram of Fig. 7, while the first
diagram shows the temperature profiles as a function of time. In
the diagram of the particle fraction, the curve par3 is not rep-
resented because it shows extremely little difference compared
with the curve par1. The extension of the zone B seems to be
larger in the curves than in Fig. 6. In the case considered, the
solidification front is a parabolic surface that presents a local
maximum at the axis of the cylindrical mold. Because in Fig. 6
the intersection of the conical surface with the mold is visible,
the zone B appears smaller than in the tomographic reconstruc-
tions. The particle-rich phase fraction at the beginning of zone A
is approximately 0.57 for all the samples, and then it diminishes
with different inclination to a local minimum. The behavior of
the particle fraction obtained with the constant temperature
profile is quite different from the others in terms of extension of
the zone B (the distance between local minimum and maximum
particle fraction in the transition zone) and particle fraction at
the end of the solidification process. Because the transition zone
is associated with the reduction of the population of R-crystals
and the growth of the population of Z-crystals, a weak transi-
tion zone lead to an extended zone C, i.e. when the difference
between the minimum and maximum particle fraction is rela-
tively small (such as in the case of constant temperature profile).
The sample with constant temperature profile does not show any
zone with Z-crystals, because the velocity of the interface after
the transition zone C is so low that the Z-crystals cannot grow.
It should be noted that the value of the constant temperature
profile is close to the theoretical freezing temperature calculated
in Eq. (A-8). As the temperature profile approaches the freezing
temperature, the transition zone became weaker. Out of this
range, it is not possible to describe the morphology of the frozen
suspension in terms of Z-crystals and R-crystals, as done for the
linear and parabolic temperature profiles used in this paper.
The minimum extension of the transition zone is obtained with
parabolic profiles (‘‘par1’’ in particular), while the zone D is
maximized. A low temperature also tends to shift the transition
zone backward to the cold finger, allowing more space for the
steady-state zone D. Not surprisingly, the condition that max-

Fig. 3. The specific heat capacity Cp and the density r for the liquid
phase of the suspension (upper side). The Stefan and Lewis used in the
Stefan problem (lower side) as a function on the particle fraction F.
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Fig. 4. The diffusivity coefficient D as a function of local temperature and particle fraction.

Fig. 5. The result of the radiography of the alumina sample frozen with the temperature profile ‘‘par1.’’ The sample measures 16 mm in height and 3
mm in mean diameter. The morphological zones are indicated in the diagram on the left. The three slices on the right indicate the results of X-ray
tomography. The bottom slice shows the suspension at the upper limit of zone A (small R-crystals). The middle slice shows the suspension in the zone B:
R-crystals rapidly grow and few Z-crystals nucleate close to the polypropylene mold; because the zone C is approaching, the biggest R-crystals tent to
group. The upper slice shows the suspension in the zone D (steady-state zone), characterized by Z-crystals.
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imizes the zone D is a steep supercooled temperature profile,
possibly parabolic.

(2) Dynamics

In the experimental tests, a systematic error is generated by the
shape of the solidification front. In the initial phase of solidifi-
cation, the front is a planar surface. As it strays from the copper
surface, the solidification front becomes a parabolic surface, due
to the limited insulation of the suspension from the air sur-
rounding the polypropylene tube, almost invisible to X-ray. In
order to limit the perturbation of the images in the radiography
and tomography, a limited insulation was provided. Finite ele-
ment analysis was used for estimating the shape of the solidifi-
cation front, and correcting the systematic error. Figure 8 shows
the shape of the front during three instants of the solidification
with the temperature profile ‘‘par1.’’ In order to minimize the
error due to the shape of the solidification front, a reference
position for the solidification front was estimated at 2/3 err from
the upper limit, as shown in Fig. 8 on the left. Because of this
correction, the error on the position of the front is 11 mm, due to
the tomography resolution. When differentiating in order to
obtain the velocity of the freezing front, this error approximately
represents 1% of the measured velocity.

Figure 9 shows the plots of velocity of the freezing front as a
function of time. The experimental results (test, solid line) are
compared with the results by finite elements (FE, dashed line)
and analytical model (ODE, meshed pattern line). The velocity
was calculated by the position of the freezing front, considered
as the projection of the front on the mold, and corrected

according to the error estimation described at the beginning of
the paragraph. The predictions by finite elements approximately
follow the results by experimental tests, with a slight underesti-
mation compared with the tests. The analytical model overesti-
mates the velocity of the freezing front. A perfect fit of the
analytical results with the tests was not expected. The parabolic
profiles of temperature at the copper finger were used in order to
minimize the decrease of the velocity of the freezing front as the
distance between the copper finger and the front increases. This
is useful to obtain as soon as possible the steady-state morphol-
ogy of the crystals (zone D). According to Fig. 9, the velocity
profiles ‘‘par1’’ and ‘‘par3’’ are the most efficient, shifting back-
ward the transition zone and leaving more space for developing
the zone D, and this is confirmed by the finite element analysis
and by the analytical model. This behavior can be explained by
the analytical model. For a Lewis number of 200–230 (Fig. 3),
Brownian diffusion is quite high. The driving force for solidifi-
cation is the undercooling at the base of the suspension. At slow
solidification rates, the particles easily diffuse away from the

Table II. Morphological Zones

Zone R-crystals Z-crystals Morphological stability

A Growing Growing No
B Stop growth Growing No
C No Growing No
D No Yes Yes

Fig. 6. The four morphological zones for the all the temperature pro-
files. The upper diagram shows the subdivision of each sample in the
morphological zones. The lower diagram shows the results of the radi-
ography at the end of the solidification process.

Fig. 7. The upper diagram shows the temperature profiles applied at
the base of the colloidal suspension (a). The lower diagram shows the
particle fraction as a function of the distance from the base of the sus-
pension, plotted for all the temperature profiles (b).
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interface and the temperature of the suspension ahead of the
interface is always warmer than the freezing temperature. At
faster solidification rates, the concentration and concentration
gradient increase at the interface. When the concentration gra-
dient at the interface is steep enough that the gradient in
the freezing temperature is larger than the temperature gradient
(a minimum of the particle fraction in Fig. 7), the suspension
ahead of the interface is below its freezing temperature (consti-
tutionally supercooled). In analogy with binary alloys, consti-
tutional supercooling is closely related to morphological
instability, according to Davis.26 By controlling the temperature
at the base of the suspension it is possible to control the exten-
sion of the Z-crystals zone. A steep parabolic profile of the
temperature maximizes the extension of the Z-crystals zone by a
strong reduction of the transition zone (that also reduces the
extension of the zone B). The lower parabolic temperature pro-
file at the base of the suspension is associated with a shift of the
transition zone toward the base of the suspension, leaving more
space for the Z-crystals to develop.

IV. Conclusions

This paper investigates the dynamics of the solidification front in
the ice templating of alumina colloidal suspension. The methods
used include experimental tests, FEM, and analytical modeling.
The comparison of the results complementary by the three
approaches shows that the control of the morphology of packed
alumina structures in the vertical direction can be achieved by
choosing the profile of the temperature at the base of the
suspension. The analytical model estimates the thermal proper-
ties of the colloidal suspension used in the FEM. Also the

analytical model provides the estimation of the number of Lewis
Le and the diffusion coefficient D, which resulted to be the most
important parameters to predict the morphological behavior of
colloidal suspension.18,26 The analytical works presented in this
paper allow estimating Le and D as a function of the medium
properties, the particle radius, and the concentration of alumina.
Future works should investigate the impact of the dispersant on
the number of Lewis.

According to the experimental tests, to the finite element
analysis and to the solution of the Stefan problem, a successful
approach consists in applying a cooling rate approximately be-
tween 2 and 41C/min; as the transition zone occurs, it is worth
increasing the cooling rate following a parabolic profile. Because

Fig. 8. The correction of the error due to the shape of the solidification
front. The diagram on the right shows the prediction by finite elements
of the shape of the solidification front in three instants of the process.
The uncertainty generated by the shape of the freezing front presents an
upper and a lower limit. The error, defined as the difference between the
upper and the lower limit, is plotted in the bottom diagram.

Fig. 9. The comparative diagrams of the velocity of the freezing front.
The experimental results (test, solid line) are compared with the results
by finite elements (FE, dashed line) and analytical model (ordinary
differential equations (ODE), meshed pattern line). The upper diagram
shows the velocities of the freezing front when a constant or linear tem-
perature profile is applied at the base of the suspension (a). The lower
diagram shows the velocities in the cases of the parabolic temperature
profiles (b). The velocity was calculated by differentiating the position of
the freezing front, considered as the projection of the front on the mold,
and corrected according to the error estimation described by Fig. 8.
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the position of the transition zone is a priori unknown, it is
convenient to apply a parabolic profile since the beginning of the
process.

Appendix A: Details of the Analytical Model

The Stefan problem requires the estimation of the numbers of
Stefan (St) and Lewis (Le). The two numbers are defined as
follows:

St ¼ Lf

rCpT
; Le ¼ a

D0
(A-1)

where Lf is the latent heat of fusion of water, r and Cp are, re-
spectively, the density and the specific heat capacity of the sus-

pension, a is the thermal diffusivity of the suspension a � kT
rCp

� �
,

T is the absolute local temperature of the suspension, and D0 is
the Stokes–Einstein diffusivity, defined as follows:

D0 ¼
kBT

6pRm
(A-2)

where kB is the Boltzmann’s constant, R the radius of the
alumina particle, m the dynamic viscosity of the carrying fluid.
In order to calculate the numbers of Stefan and Lewis, the ther-
mal properties of the suspension were estimated for the liquid
and the solid phases.

The thermal conductivity was estimated by the equation of
Jeffrey14 used for modeling the thermal conductivity of the sus-
pension (A-3):

kTS ¼kfluidð1þ 3Cvolbþ 3F2
volb

2gÞ

g ¼1þ b
4
þ 3b

16

aþ 2

2aþ 3
; a ¼ kice

kfluid
; b ¼ a� 1

aþ 2

(A-3)

where kice, fluid is the thermal conductivities of the medium (wa-
ter) in the solid and in the liquid phase, and fvol the nominal
volumetric concentration of the alumina particles
kice ¼ 2:2ðW � ðm �KÞ�1Þ; kfluid ¼ 0:6ðJ � ðkg �KÞ�1Þ;Fvol ¼ 0:32:

The thermal conductivity of the suspension after freezing
can be obtained by (A-3) and is equal to kTS ¼
0:9187ðJ � ðkg �KÞ�1Þ. The thermal conductivity of the suspen-
sion before freezing can be approximated by the thermal con-
ductivity of the medium (liquid water)12: kTL ¼ 0:6
ðJ � ðkg �KÞ�1Þ. For concentrations Cvolo0.5, the specific heat
capacity and the density of the suspension (Cp and r) can be
estimated by the following relation:

Cp; rL;S ¼ ð1� FPÞCp; rwaterðL;SÞ þ ðFPÞCp; rpart (A-4)

where fp5 0.58 is the packing fraction of particle in the sus-
pension in the concentrated region between the ice crystals at
ambient temperature and pressure. The Stokes–Einstein diff-
usivity has also been used by Peppin et al.13 for writing the
diffusion coefficient as a function of the local absolute temper-
ature T and the local particle fraction f

DðF;TÞ ¼D0D̂ðFÞ;

D̂ðFÞ ¼ð1� FÞ6 dðFzÞ
dF

(A-5)

where z is the dimensionless compressibility factor which ac-
counts for the effect of particle–particle interactions on the os-
motic pressure P(F), which can be written as

PðFÞ ¼ F
vp

kBTzðFÞ (A-6)

The expression of the osmotic pressure as a function of
the particle fraction is a fundamental result from statistical
mechanics27 which states that the osmotic pressure of a suspen-
sion of particles and the pressure of a perfect gas are the same
functions of volume fraction if the particle–particle interaction
potential is the same. Peppin et al.13 propose the following
estimation of the compressibility factor:

zðFÞ ¼ 1þ a1Fþ a2F2 þ a3F3 þ a4F4

1� F=FP
;

a1 ¼4� 1=FP; a2 ¼ 10� 4=FP;

a3 ¼18� 10=FP; a2 ¼ 1:5=F5
P � 18=FP

(A-7)

Peppin et al.13 obtained the freezing temperature by utilizing
the conditions for local thermodynamic equilibrium between the
liquid phase and the solid phase, assuming a planar interface
and isotropic stress between the two phases, and the latent heat
of fusion was approximately constant in the temperature range
considered. From these assumptions, Peppin obtains the value
of the freezing temperature Tf(F)

Tf ¼Tmð1þmzFÞ�1

m ¼ kBTm

vprLLf

(A-8)

with Tm5 273 K, the melting temperature of water.
Once the thermal properties of the suspension (kT, Cp, and r),

the diffusion coefficient D and the freezing temperature Tf have
been estimated, the Stefan problem for unidirectional solidifica-
tion of the suspension of hard-sphere colloids can be formu-
lated. Figure 2 shows the quantities involved in the formulation
of the Stefan problem as a function of f. The Stefan problem is
a system of two ODE and its solution represents the temperature
field and the position h(t) of the solidification front. Equa-
tion(A-9) shows the ODEs of the Stefan problem with the
boundary conditions

qF
qt
¼ q
qx

D
qF
qx

B:C:F ¼Fpðx ¼ 0; t ¼ 0Þ

F
qh
qt
¼�D

qF
qx
ðx ¼ tÞ

and

qT
qt
¼a q

2T

qx2

B:C: T ¼TbðtÞðx ¼ 0Þ

rLf
qh
qt
¼kT

qT
qx

����
x¼h�
�qT
qx

����
x¼hþ

� �
ðx ¼ h; T ¼ TfðFÞÞ Stefan condition

(A-9, Stefan problem)

The Stefan problem admits a similarity solution16 with the
variable

Z ¼ xffiffiffiffiffiffiffiffiffiffi
4D0t
p ;

the interface position hðtÞ ¼ 2l
ffiffiffiffiffiffiffiffi
D0t

p
;

and the dimensionless temperature

y ¼ T� T1
Tf � T1

(A-10)
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The formulation of the Stefan problem is

qF
qZ
¼� 1

2Z
q
qZ

DðFÞ qF
qZ

qy
qZ
¼� Le

2Z
q2y
qZ2

B:C:

F ¼FpðZ ¼ 0Þ

y ¼yhðZÞ;F ¼ FhðZÞ;Fl ¼
DðFÞ
2

qF
qZ

����
Z¼l
ðZ ¼ lÞ

with yh ¼ym þ G
Fhz

1þmFhz

����
h

;G ¼ mTm

T1 � TfðF1Þ

����
F1

(A-11)

The problem was solved by using the MATLAB ODE
suite, according to the methods illustrated by Shampine and
Reichelt.28 By substituting the results for j in the Stephan con-
dition (Z5l), it is possible to obtain the expression of l for
each boundary condition:

lðtÞ ¼ � Le

2St

qy
qZ

����
Z¼l�
�qy
qZ

����
Z¼lþ

 !
ðZ ¼ lÞ (A-12)
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